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4 Applications of Definite Integration

b
4.1 Area bounded by the graph of f(x) and the z-axis on [a, b] = / |f(z)| dx

b c b
/ f(x)dx:/ f(:):)d:):—l—/ f(z)dx = — Area 1 + Area 2 = Signed area

b c b
/ \f(x)\da::/ —f(:c)da:+/ f(z)dx = Areal+ Area 2 = Area

Example 4.1. Find the total area between the curve y = 1 — 22 and the z-axis over the
interval [0, 2].

Solution. Let1 —22=0, = x=+l.

>0, for —1<z<1,
1— 22
<0, forx<-1 or z>1.
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Exercise 4.1. Area bounded by the graph of f(z) =  — /z and z-axis on [0, 2].

b
4.2 Area bounded by the graphs of f(z), g(z) on [a,b] = / |f(x) —g(z)|dz

Theorem 4.1. Let f(z) and g(x) be continuous functions defined on [a, b] where f(z) > g(x)
for all x in [a, b]. The area of the region bounded by the curves y = f(x), y = g(x) and the lines
r=aand x =10bis

b
/ (f(z) — g(x)) de.

Proof. The area between f(x) and g(z) is obtained by subtracting the area under ¢ from the
area under f. Thus the area is

/ab fl)de - / g(aye = / (/1) — gla)e
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Example 4.2. Find the area of the region enclosed by the curves y = 22> +z—5and y = 32 —2
in the x — y plane.

y=a2+2-5 —_3(><>

S
Wi~ — A= A2
IS

Solution. Let2? +z—5=3z—-2 = x=-1,3.
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The area is

= %

1
= <—3x3 + 2?2 + 3x>
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/3 ((8z —2) — (? +x—5))de = 3(—x2+2x+3)d$
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Example 4.3. Find the area bounded by the curves

0T
i

Solution. Area is

0 1
/ (h(x) — f(x))dx + /0 (9(z) — f(2))dz

2
L7 o2
/ 2x+2—z)+ / ( —x)dx
0 CIT+].

2 1
+2x] {2ln|x+1| - }
[z, !

1 3
2In2 — =) = = + 1n4.
+(2In 2) 2—|—n

and y=h(x)=2z+2.
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4.3 Other Applications

Example 4.4. An object moves along z-axis towards right with speed v(t) = > m/s. Calcu-
late the distance traveled from ¢t = 0 to ¢t = 3s.

Solution. Let S(t) be the position at t. Then, S’(t) = v(t) = t2.

The distance fromt =0tot = 3 is

rate of change

o _ 3 /-//\\ _ 32 _15
S(3) — S(0) _/0 ) dt—/otdt—3t

total distance change

3
=9m
0

Geometrically,

Example 4.5. Let L(t) be the level of carbon monoxide (CO). Given that L'(t) = 0.1¢ + 0.1
parts per million (ppm). How much will the pollution change from ¢ = 0 to ¢t = 3?

Solution. ;
L(3) — L(0) = / L'(t)dt = [0.05¢* + 0.1t](1) = 0.75ppm.
0
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Exercise 4.2. Let ¢ be the time (in hour). Let m(t) be the mass of a certain amount of
protein. The protein is changed to an amino acid and cause a decrease in mass at a rate

dm _ 2
dt  t+1
Find the decrease in mass of the protein from ¢ = 2 to ¢t = 5.

Ans: —21n2. m(S)— W‘(}> /Jfﬁm At _,f t

g/hr

5 Improper Integrals = 2 f, \tﬂlz

Question: How to find area of an unbounded region? — —> ( j/m é — A/\ } >
- =2 @h N L 8 )

Definition 5.1. The following types of integrals are called “improper integrals” (of the
first type). The integrals we have encountered previously, namely integrals of piecewise
continuous functions over finite intervals, are “proper integrals”.

Define

+oo
/ f(x)dx = lim / f(z
a b—+o0

if the limit exists, we say that the integral is convergent. Otherwise, divergent.

Note . Jow This T2 converge Lim {13 =0

= ¥ I
gl
bl 00 copynar s pot Bue €4, f:ﬂ 4K
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b b
/_ f(x)dx = lim f(x)dx

a——00 a

if the limit exists, we say that the integral is convergent. Otherwise, divergent.

3. Let ¢ be a fixed real number. \—’T_’—"%

+o0 c +o0 C
F(a)de / f@)de+ | fla)da

—00

if both the two integrals on the right are convergent, we say that the integral is
convergent. Otherwise, divergent.

b o -b
Example 5.1. '(C e/ =(-e

lim (" —e™®) = lim (1-e) =
b%lgloo(e € ) bﬁlgrnoo( © )

+o00o b
1. e ¥dr = lim e Ydr =
0 b—+o00 0
1, convergent.

+00 q b 1
2. / —dr = lim —dr = lim ln:n|l{ = lirnan - ln}z lim Inb = +o0,
1 X b—+

b—+o00 J1 T b—+o00 b—s+o0co
divergent. (L
oo g b1 N 1
3. / —dr = lim —dr = lim (—> lim (1 — ) =1, conver-
1z botoo J1 T b—+ x b—+o0 b

gent.

400 1 b 1 b f
. —dx = i —dxr = lim 2 = lim 2(vb—1) = diver-
4 /1 VT T o 1 VT T o \/51 b 450 ( ) = oo, diver

gent.

5. [ //
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Foo dx
E le 5.2. C t .
xample ompue/0 CESNEET)
Solution.

@+ )@Br+2) (FTFD a+1 U
Hence ) " N=2xt2

1 2] —1 1 —
/0 GrDErry  nBr2-infes s [= aGrt2)+b ()
b+ 2 —
=In|3b+2|—Inb+ 1| —In[2| =In 30 +2] _y o i x=-1 \= a(-")Sa=l
b+ 1] (= >
Because =z |\~ b(";)‘;bis
1
LoBbt 3b+ 2| x I
b—+o00 |b—|— ’ b—>+oo ‘b—i—l’ \b| ’
3+3 _3
im = - =
botoo [1+ 3] 1

Therefore ,

lim dz =In3 —1In2.

b—too Jo (x4 1)(3z+2)

Exercise 5.1. Letp > (9 Prove that

1
oo g —, if p>1, convergent
7 +oo, if 0<p<1, divergent. (- o
L (55

— i \=P _ .
=Lie 1o e = Dy 6 A htEl = Uit
Remark. From the above exercise, bh){—()a \—P

bo gl whow p=1 ¥t

+oo
1. lim f(z)=0 = / x) dx is convergent.
T—r+00

1 1
2. Forall p > 0, - 0 as © — +o00. However, only for p > 1, - decays fast enough to
X X

“+oo
guarantee the total area / - dz is finite.
1 X

Remark. All the integration techniques can be applied, e.g. integration by substitution,...
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p<l1
1 0 1 2 3 4 p>1
1
Example 5.3. Compute / xe® dx. (integration by parts)
Solution.
L ‘ Lo 00‘4
/_Ooace dmzaglzloo ; xe’ dx. U= x —F_—/(
dv~ _ ¢ ys;@f
:Bexdx—/xd(ex):a:ex—/exda::(x—l)e$+0. Kk‘a
1 3
p (3‘\(‘;( ( (a0 4
/ ze® dr = lim (w—l)ex\(ll :Q'ﬂe-’ Ve
—00 a——00 .
= li)r_n (1 —a)e* oo0-0 indeterminate form
. l1—a o0

= lim — —
a——oc0 e~ @ o0

= lim — L’Hopital’s rule
a——00 —e

=0.

1

Exercise 5.2. /_w{icfdx:e {nfém})ﬁ‘m ‘7 qu’fg YTovi
U HSpital e yule twi@
“pply ¢ ‘
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400
Example 5.4. Compute / ———— dz. (integration by substitution)
o @422
2 YW= |
Solution. Using the substitution v = 1 + 22, we have n= (+* wl) =\ b
d - 06%
[ R—— o
1+222 T 2T +a2) b T A (b
Thus — Lm —’Zjb‘ 7[/'1“4 Z’/z gl
- x.’“X’ V1 = 9]
/+°° T gy LT o g “ (
o (R o xdx ==
and Livn § o= JARSEy >
/0 T cg:—il' -0 30 (EF)E iR
AT e G < ey
Hence A’>’V e |o> ,_W\ R I
[t [Tt [ it T
e Tr 22Ty Gt e T2\ 2) 7 2 {V([L_,Ja,»g)
] 2

Fact: If 0 < f(x) < g(x) on the interval of integration (a, b) (allowing a,b to be +00), then

b b
o If / g(z)dx converges, then / f(z)dx converges.

b b
o If / f(x)dx diverges, then / f(x)dx diverges.

o0
Example 5.5. Determine whether / e *dzx is convergent.
0
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Definition 5.2 (Improper integrals of Type 2). The improper integrals defined in Definition
5.1 has infinite intervals of integration, but the values of the integrand are finite on the
intervals of the integration. We also generalize definite integrals where the integrand may
go to +oo over the interval of integration.

Suppose that f(z) is continuous on (a, b), but lim,_,,- f(z) = £oo. Then we define:

=t Ja £ cor bnaons

b c
/ f(z)dx := lim f(z)dx. ceb
+oo ™ LR C’J

Similarly, if lim,_,,+ f(z) =

/a " fa)dr = lim / " f(a)dn.

c—at

1
1

Example 5.6. 1./ —dx
o P

1
1
2. / —dx
0 Inxz

1
3. (mixed type)/ %dl‘
oo T



